1.2 Applying Algebraic skills to sequences and series
Learning the definition of an arithmetic sequence

o Identify an arithmetic sequence

o Use the n'" term formula to find a term in the sequence

o Use the formula to find the sum to n terms

An Arithmetic sequence is one with a constant difference between terms
eg 1, 4, 7, 10,316, ... Un=

In general, if the first term is g and the constant difference is d Un=a+{n-1)d

Example ‘ .
Identify the arithmetic sequence with Us = 12 and U0 = 47.

W,z a+ad =47 Sepuenct 7S
7d= 35
d=8 az=2

Sum to n terms

9‘1 7, tz, 17, ...

SS- & + ot+d +at+zd +ard 4o + a +(n-0d

Also: - | |

= A+ (n-Nd raraDd+ atin-Dd+ - F A

Adding: _ | R o ,‘ o A
g0 stn-nd 4 28+ (1) + 2o He-Dd 4o zZa +n-))

28n=

-n ( a -I"V"')A)

S, = g(m + (1 - 1Dd)

Example
Find the sum of the first 20 terms of the arithmetic sequence with third term = 7,
and 10" term = 28,

u3: a+ 2d =7
sz Ck‘l'qd:ﬁ

7o = 21
Ad=3 ac= i

Sap 2 _212(2&'4— A xT) = 90




Learning the definition of a geometric sequence

o Identify a geometric sequence
o Use the n'" term formula to find a term in the sequence
o Use the formula to find the sum to n terms

A geometric sequence is one where the ration of successive terms is constant.
eg. 1, 3, 9, 27, 81,... Ugs

In general, if the first term is & and the common ration is # then | Un=a "’

Example
A geometric sequence has first term = 81 and commen ration = _?1 . Find the 7% term.

U,= 3]"(:}!)‘: -f—‘"—': '-7!"

Sum to n terms

3
Si= A + 06X + Al F AL + -0 +af

= ar +art ¢ ard Far? w0 4 oay”

n n
Subtracting; Sh=-rSh =2 @ -Qar Sall-¢): &C e )

n-t

_a{l- ™)

Sn 1-7

Example )
Return to the geometric sequence first term = 81 and common ration = < find the sum of

the first (i) 10, (ii) 20, (iii) 100 terms.
€1 - 5!')“) : o
So= (- — ~ 4075
|+ A

$1o ~ 40-75

Soo = 60-7S (# 10 3y fix.)



Sum to infinity

Sn=9% If |r| > 1,n = o0, 7™ - oo The sum diverges.
flrl < L,n—00,r" 0 5, =
s - ¢
® 1-r

Infinite Power Series

o Understand what is meant by an infinite power series
o Understand that a function can be evaluated to any given accuracy using a power
series :

14+ x+x*+x3 +x* + .. is a geometric seriecs a = 1 and r= 2
, . ..

If [x} < 1 then Spexists and S, = F- 3¢

This—=(1-x)"=/+x+t x> p2Tp...

Learning to use the Maclaurin Fxpansion

o Understand that, within certain values of x, any function can be expressed as a
power series

o Find the Maclaurin expansion for simple functions and their composites

o Understand that there is range of validity and find it for some simple cases

Examplem
Let f(x) = e® = ag + a;x + ax® 4 ax3 + -

We know f(0) = €% = 1 50 ay= }
. t .
Differentiating  f'(x)=e*= @, + 2a, % + JA; T " #--:
flfi0) = 1 soa;= ¢
z
flix) =eX*= 2y + ex3Ayx 4 3% 4,4*3 RN
Cfra) = e* = Tx IRy 23 IEA, X+

f"0)y=1 2x3as;=1 and az=2-
) ’ C 2x3

Continuing we find a, = gy a5 = s etc.

_1+x+x2+x3+x"‘+x5+
1! 3! 51

This is the Maclaurin expansion for .




For what values of x is it valid?

U .
221 < 1 the series converges.

D’ Alembert’s Ratio Test says that if lim

n—co

n

_x™ et
x/n!

Un+1
Un

For the Maclaurin expansion of &

For any given x lim —_ = () < 1so the scries converges for all values of x.

n—co

Exercise
Use the same technique to find expansions for f{x) = sin x and f{x) = cos x.

bt fto) = sinx=a, + &, X + Azt 44, =2 4 ..

F{")=0 4, =0
3
X L 4a, X4
F'(x): (s x = A,.fzazz-f.?ﬂ_,z? R 4
lt_-,-;

f'(o): / '
Ixg A, ER

-

i)z —sin® =

Fi(y=0 #2°

+
24, + 1x3A; X

LA
2x 3, + 1"3""'“4

fu'(x) - - a‘-z -

! . Zr3Ag=-1
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fwf") . s = ARI® A, T Zx3IN xS A K+
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!
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M /}'-t): 08X =

F(’) = ! Ao =1

f z
Fix) = -simx= A, + Lox + 34, X"+ -

F'CO):.o A, 0
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/‘m[o):o A; =0




General Maclaurin Expansion
Consider the above technique for the general function f{x).

Let f(x) = ag + 41X + apx% + azx® + agx* + -

A0 = %o
3 x .
Fry= &+ 2a, X + 304 xzt+ 4, T
fo= &, - | ,
f@= 2a, + wx 39+ 3xg a,x "+
f
]
f”(O)= ZAL ay= f z_ _)
£70)= 2X3A4 # 23 g 2 S0
y _ A fm[o)
S70)= 27‘3&3 3= T
T fw(o)
7y

HHOBFKOMRHORYMOF FRd(©
foy == 7% 5 & 312‘1 4l 228

Example )
Find the first four terms of the Maclaurin expansion for (1 + x)3.
] .
3 ”
M= %) =173 =21

..1,,3

'1/3 '
oo 30142) pe gt

Py tfiee) 0 F O T

,'z,z" 4157’ z3
L, - &BE L = T
(€Y= | + 3% = g 7] 21 Tzr
A 3 3
J L * ile—



Composite Functions

The Maclaurin expansion for sin x is

Find a power series for sin (2x).

9413 5 7
sin2x = (2x) — (2;) + (25xl) - (2;) + -

22 - 8= | 32zT _ 128x’
et + p— +"'
1! s 7!
20e - 4%, 425 3"7;....
3 18" 375"
It 1s worth learning that:

1 1 1
¥ _ 2 3 4
e —1+x+—2!x +—3!x +—4!x

T 1 3 1 5
smxﬁx—é—ix +§~!x — e

_ 1 2,1 4
cosx =1 7% +4!x -...




